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Let T be an integral domain of the form K+ M, where K is a field and M is a maximal ideal 
of T. For D a subring of K, R = D + M is then a subring of T. In this paper we calculate the class 
group Cl(R) and local class group G(R) for R = D + M. As applications, we determine when the 
D+ M construction yields a PVMD and show that for any abelian groups G and H there is an 
integrally closed domain A with maximal ideal AI such that Cl(A) = G and CI(AM) = H. 
1. Introduction 
In this paper, we calculate the class group and local class group for D+M con- 
structions. That is, let T be an integral domain of the form Kt M, where K is a field 
and M is a maximal ideal of T. For D a subring of K, R =D + M is then a subring 
of T. This construction has been studied extensively and has proven to be extremely 
useful in constructing counterexamples. Some important special cases are when 
either T is a valuation domain (cf. [7, 161) or T=K[X] is a polynomial ring with 
M=XT (cf. [14]). We will be mainly interested in the case when T and D are arbi- 
trary, as in [12]. 
Let A be an integral domain. As in [9], we define the class group of A, Cl(A), 
to be the group of t-invertible (fractional) ideals of A modulo the subgroup of prin- 
cipal ideals of A. Then Cl(A) contains the Picard group, Pit(A), and as in [lo] we 
let G(A) = CI(A)/Pic(A) be the local class group of A. Divisibility properties of A 
are often reflected in group-theoretic properties of Cl(A) or G(A). If A is a Krull 
domain, then Cl(A) is the usual divisor class group of A. In this case, Cl(A) (resp., 
G(A)) = 0 if and only if A is factorial (resp., locally factorial). When A is a Prufer 
domain, CI(A)=Pic(A) is just the ideal class group of A. In this case, always 
G(A) = 0, and Cl(A) = 0 if and only if A is a Bezout domain. 
Section 2 contains basic facts about the D+M construction and the class group 
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or local class group of an integral domain. The main part of the paper, Section 3, 
consists of calculating either Cl(R) or G(R) for R =D + M C T= K + M. By 
Theorem 3.3, these groups are related by the following commutative diagram with 
exact rows and columns (when D has quotient field K): 
0 0 0 
I al I p’ 1 
0 ------+ Pit(D) - Pit(R) - Pic( T) - 0 
’ a ’ fi ’ 
0 - Cl(D) - Cl(R) - Cl(T) 
I an i p” 1 
0- G(D) - G(R) - G(T) 
In general, /3 and /In need not be surjective. In many cases (for example, if T is either 
quasilocal or a Prufer domain), im /3 = Pit(T) (Theorem 3.7) and we thus have the 
split short exact sequence O+ Cl(D) + Cl(R) + Pic(T)+O. In Theorem 3.12, we 
show in addition that if T is quasilocal or a Prufer domain, then we can delete the 
hypothesis that D has quotient field K. 
The final section consists of applications of the calculation of Cl(R), and we give 
several specific examples. We begin by determining when the D+ M construction 
yields a PVMD. This result covers several known special cases in the literature. We 
then show that any abelian group G may be realized as the class group or local class 
group of a PVMD which is neither a noetherian domain, a Priifer domain, nor a 
Krull domain. We end the paper with an example which shows that the class group 
for an arbitrary domain (unlike that for a Krull domain) may behave very badly with 
respect to localization. We show that for any abelian groups G and H, there is an 
integrally closed domain A with maximal ideal N such that CI(A)=G and 
C&l,) = H. In particular, for any abelian group H, there is an integrally closed 
domain A with maximal ideal N such that Cl(A) = 0 and CI(A,) = H. 
The class gtwp of DiM 201 
2. The D + M construction and the class group 
In this section we collect results about the D + M construction and the class group 
of an integral domain which will be used (often without reference) in later sections. 
Throughout, all rings will be commutative integral domains with identity. General 
references for any undefined terminology or notation are [S, 15, 171. 
Let A be an integral domain with quotient field K. By an ideal of A we will mean 
a fractional ideal of A. Given nonzero fractional ideals Z and J of A, we define 
Z:J={XEK 1 xJcI}, I-‘=A:Z, and Z,=(Z-I)-‘. We say that Zis a divisorial or 
v-ideal if I, = I; while Z is v-finite or a finite-type v-ideal if I= J, for some finitely 
generated ideal .Z of A. For Z a nonzero fractional ideal of A, we define 
I, = U ( J, 1 J c Z is finitely generated}. Then Z is a t-ideal if Zt = I, or equivalently, 
for nonzero a ,,..., ~,inZ,(a, ,..., (I,), c I. Note that Zt C I, and any v-ideal is also 
a t-ideal (but not conversely, cf. [17, p. 431, Exercise 121). 
Throughout, T will be an integral domain of the form T= K+M, where K is a 
field contained in T and A4 is a maximal ideal of T. To avoid trivial cases, we will 
always assume that M is nonzero. For D a subring of K, R = D + A4 is then a subring 
of T. Moreover, R and T have the same quotient field. Ring-theoretic properties of 
R are often determined by those of D and T; in particular, D is a retract of R. The 
D +M construction has been studied extensively since it has proven to be an ex- 
cellent technique for constructing counterexamples. The ‘classical’ situations are 
when T is a valuation domain [7, 161 or T= K[X], with M=XT, is a polynomial 
ring [ 141. The general construction has-been studied systematically in [12] (cf. also 
[5]). Another important case which we will use several times is when 
T=K[S] = K+M is a monoid domain with augmentation ideal A4. We next record 
a long list of facts about the D+M construction; many of these results generalize 
analogous results in [7, 141. 
Proposition 2.1. Let T= K + A4 and R = D f M be integral domains with D a subring 
of K. Then 
(1) R is a faithfully flat D-module. 
(2) LetDhavequotientfieldKandS=D-{O}. Then T=Rsand T,=R,,-,, for 
each prime ideal P of T. In particular, TM= RM. Zf D is any subring of K, then 
Tp = R,,, for each prime ideal PzM of T. 
(3) If D is a proper subring of K, then M is a divisorial ideal of R. 
(4) An ideal J C R contains A4 if and only if it has the form J= I+ M for some 
idea1 I C D. Moreover, J is a prime (resp., maximal) ideal if and only if Z is a prime 
(resp., maximal) ideal. 
(5) Let T be integrally closed. Then the integral closure of R is D’ + M, where 
D’ is the integral closure of D in K. In particular, R is integrally closed if and only 
if D is integrally closed in K. 
(6) Zf T is seminormal, then R is seminormal if and only if D is seminormal. 
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(7) R is noetherian if and only if T is noetherian and D is a field with [K: D] 
finite. 
(8) If D is a proper subring of K, then R is not complete/y integrally closed and 
hence is not a Krull domain. 
Proof. (1) Let k C K be the quotient field of D. Since M is a vector space over k, 
K =D + M is a direct sum of flat D-modules, and hence is flat. If P is a nonzero 
maximal ideal of D, then PR = P + M is a proper ideal of R. Hence R is a faithfully 
flat D-module. 
(2), (4), (5), and (6) are easily verified, while (7) appears in [12, Theorem 41. For 
(3), note that M= n(dRjO#d~Df if D has quotient field K since d(D+M)= 
dD + M for any nonzero d in K. If D has quotient field k 5 K, then M= R nxR 
for any XEK- k. Finally, by [17, Theorem 34.31 R is not completely integrally 
closed since A F_ T C M:M. Thus (8) holds. 0 
We next define the class group and local class group of an integral domain A with 
quotient field K. A nonzero (fractional) t-ideal Z of A is t-invertible if (Z.Z), = A for 
some ideal J of A. Then Z is actually a finite-type v-ideal and .Z,=Z -t (cf. 19, 
Lemme 11). Thus the set of t-invertible t-ideals of A forms a group, denoted by 
T(A), under the multiplication (Z, J)-+(ZJ),. Since Z and J each have finite type, 
(ZJ), = (ZJ), and T(A) is a submonoid of D,(A), the monoid of finite-type v-ideals 
under v-multiplication. Let Prin(A) be the subgroup of T(A) consisting of nonzero 
principal ideals and let Inv(A) be the subgroup of T(A) consisting of invertible 
ideals. Following [9] and [I 11, we define the class group of A as Cl(A)= T(A)/ 
Prin(A) and the locaf class group of A as G(A) = T(A)/Inv(A). They are related by 
the short exact sequence 0 -+ Pit(A) -+ Cl(A) -+ G(A) --) 0, where Pit(A) = Inv(A)/ 
Prin(A) is the Picard group of A. The class of an ideal Z in Cl(A) or G(A) will be 
denoted by [Z]. 
If A is a Krull domain, then Cl(A) is just the usual divisor class group of A ; while 
for A a Priifer domain Cl(A)=Pic(A) is just the ideal class group of A. In this 
paper, we study the class group for the family of integral domains of the form 
D + M. PVMD’s are another large family of integral domains for which the class 
group yields valuable information. Recall that A is a PVMD if and only if D&A) 
is a group under the usual v-multiplication. Thus A is a PVMD if and only if 
Df(A) = T(A), Examples of PVMD’s include Prtifer domains, GCD-domains, and 
Krull domains. An integral domain A is a G-GCD domain (generalized GCD- 
domain) if the intersection of two principal ideals is invertible; in particular, a G- 
GCD domain is a PVMD [l]. For a PVMD, Cl(A) (resp., G(A)) is zero if and only 
if A is a GCD (resp., G-GCD) domain [9, Proposition 21. For any domain A, 
G(A) = 0 (i.e., Cl(A) = Pit(A)) if Cl(A,+,) = 0 for each maximal ideal A4 of A [ 11, 
Proposition 2.61. The converse holds if A is a PVMD, but not in general (cf. Theo- 
rem 4X(2)). 
We next briefly discuss some functorial properties of the class group. The case 
in which A is a Krull domain has been studied extensively (cf. [15, Chapter 21). 
The class group of D + M 203 
Proposition 2.2. Let A be a subdomain of B with B a flat A-module. Then there 
is a homomorphism y : Cl(A) + Cl(B) given by y([Z]) = [ZB]. 
Proof. We first show that (J,B), = (JB), for any nonzero finitely generated ideal J 
of A. If J=(j,,...,j,), then J~‘=j;‘Afl...nj,‘A; so J~‘B=jI~‘Bn...fl 
j;‘B=(JB)-’ since ACB is flat. For XE.Z,, xJ_‘CA implies xJ_‘BCB, and 
hence XE(J-‘B)~~ =((JB)-‘)-‘=(JB),. Thus J,BC (JB), and hence (J,B), c 
(JB),. As the other inclusion always holds, we have (J,B),= (JB),. For ZE T(A), 
IB is actually divisorial since Z - ’ also has finite type. Using the identity (J,B),= 
(JB), proved above, it is easily shown that ZB E T(B) and that y is a homomor- 
phism. Cl 
A very important case of Proposition 2.2 is when B = As for S a multiplicatively 
closed subset S of A. We then have a homomorphism y : Cl(A)+Cl(As) given by 
y([Z])= [Is] (cf. [ll, Lemma 2.71). Note also that for Zin T(A), (I-‘)s=(A:Z)s= 
A,:Zs = (Is)- ’ since Z is a finite type v-ideal. If A is a Krull domain, then y is sur- 
jective by Nagata’s theorem [15, Corollary 7.21. More generally, if A is a PVMD, 
then As is a PVMD and y is surjective. However, our next proposition shows that 
y is in general not surjective (cf. Theorem 4.8 and [2]). 
Proposition 2.3. Let A be an integral domain and P a prime t-ideal of A. Then the 
homomorphism y : Cl(A) + Cl(A p) given by y( [I]) = [Zp] is the zero map. 
Proof. Let Z E T(A). If ZZ - ’ c P, then (ZZ -‘)t C P, = P, a contradiction. Thus 
ZZ-‘Q P; so (II-‘),=Z,(Z,)-‘=A,. Thus Zp is invertible and hence prin- 
cipal. 0 
It is interesting to compare Proposition 2.3 to the case in which A is a PVMD. 
In this case A, is a valuation domain, so Cl(A,) = 0. In particular, if A is a Prtifer 
domain, then Cl(A) = Pit(A) and Cl(A.) = Pic(A.) = 0; while for a Krull domain, 
such a P would have height one and thus AP would be a DVR. In fact, Cl(A.) = 0 
for P a height one prime in any integral domain A [9, Proposition 31. 
Another important case of Proposition 2.2 is when A = D and B = R = D + M. 
Since D C R is faithfully flat by Proposition 2,1(l), we have a homomorphism 
a : Cl(D) + Cl(R) given by a([Z]) = [ZR]. Note that for nonzero I, ZR =Z+ M; so 
a([Z])= [Z+M]. We end this section with a few remarks about the map Z+Z+M. 
Proposition 2.4. Let T = K + M and R = D + M be integral domains with D a subring 
of K. Let Z be a nonzero fractional ideal of D. Then 
(1) (Z+M)-‘=I -‘+M. 
(2) (Z+M),=Z,+M. 
(3) Z is finitely generated (resp., v-finite) if and only ifZ+ M is finitely generated 
(resp., v-finite). 
(4) ZE T(D) ifand only ifZ+Me T(R). 
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Proof. (1) Clearly Z - ’ +A4 C (I+M)- ‘. Conversely, let y E (Z+M) ‘. Then 
yZ c R gives y = a+ m with a in the quotient field of D and m in M. Then 
y(Z+ M) c R yields crZ C D; so a E Z ‘. HenceyEZ-‘+M, (Z+M))‘CZ-‘+M, 
and we have equality. (2) now follows easily from (1). For (3), the finitely generated 
part follows because R is faithfully flat over D. This also follows because 
x(D + M) = XD + A4 for each nonzero x in D. The finite-type case follows in a similar 
manner via (2). Part (4) follows easily from the proof of Proposition 2.2 and 
(l)-(3). 0 
3. The class group of a D + M construction 
Throughout this section Twill be an integral domain of the form K+M, where 
K is a field and M is a maximal ideal of T. If D is a subring of K, then R = D + A4 
is a subring of T. In this section we are interested in computing Cl(R) in terms of 
Cl(D) and Cl(T). We first compute Pit(R). 
Proposition 3.1. The inclusion maps induce the split exact sequence 
0 + Pit(D) 2 Pit(R) --!% Pic( T) + 0. 
Proof. It is clear that p’,‘=O and a’ has a left inverse since D is a retract of R. 
The Mayer-Vietoris sequence for (U, Pit) [6, p. 4821 applied to the Cartesian square 
R-T 
D-K 
yields the exact sequence 0 + Pit(R) + Pit(D) @ Pic( T) + 0. It is then easy to check 
that im a’ = ker /3’ and /3’ is surjective. c? 
Proposition 3.1 recovers as special cases [16, p. 5621, 114, Corollary 4.161, and 
[12, Proposition 61. (In each of the above three references, the Picard group of A 
is called the (ideal) class group and is denoted by C(A), rather than Pit(A). 
However, in each case, the domains D, R, and T were always assumed to be Priifer 
domains, and for Priifer domains the class group is the Picard group.) 
We next investigate to what extent an analogous result holds for the class group 
or local class group of R. Since R is faithfully flat over D, the map Z-t ZR =I+ A4 
induces a homomorphism a : Cl(D) -+ Cl(R). If D has quotient field K, then T= Rs 
where S = D - (0). We thus have a homomorphism /? : Cl(R) -+ Cl( T) induced by 
J+ Js = JT. We next give the basic properties of a and p. 
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Proposition 3.2. (1) a is injective. 
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(2) If D has quotient field K, then im a = ker p. 
Proof. (1) Let Z C D be t-invertible. If Z+M is principal, then I+A4= (x-t m)R for 
some nonzero x in I) and m in M. Hence Z=xZ3 is also principal. 
(2) Clearly im a C ker p. Conversely, let J C R be t-invertible with Js = JT prin- 
cipal. Then Js= jT for some nonzero j in J. Thus j.Z - ’ is t-invertible and 
(jJ~‘),=Tsince(j)CJ.HenceSmeetsjJ-’;sojJ-’=Z+MforsomeZin T(D) 
by Propositions 2.1(4) and 2.4(4). Thus J=j(Z -’ +M). Hence [J] = a([1 -‘I) and 
kerpcima. 0 
By combining Propositions 3.1 and 3.2 with the fact that a and 
homomorphisms a” : G(D) --+ G(R) and /3” : G(R) + G(T), we obtain 
8 induce 
Theorem 3.3. Let T= K + M and R = D + M be integral domains with D a subring 
of K with quotient field D. 
exact rows and columns: 
0 
We then have the following commutative diagram with 
0 0 
a’ 
I 1 
8’ 
0 A Pi@) - Pit(R) FPic(T)-0 
’ a ’ b ’ 
o- Cl(D) - Cl(R) - Cl(T) 
I au I p” 1 
O-------t G(D) - G(R) - G(T) 
Unfortunately, our next example shows that p and /I” need not be surjective. 
Example 3.4. Let T= K+ A4 be a quasilocal integral domain and D a proper subring 
of K with quotient field K. Then A4 is a prime t-ideal of R = D + A4 by Proposition 
2.1(3). By Proposition 2.1(2), I-2,= T= T,=R, for S= D- {O>. By Proposition 
2.3, im /3= 0. So if Cl(T) is nonzero, then /I and /3” are not surjective. As a specific 
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example, let T= Q [X2, XX Y 2]CXz,Xr, ye) = Q t- A4 and R = Z + M. Then G(T) = 
Cl(T) =2/22 [15, p. 851 and 0 = im /?s Cl(T). Note that by Theorem 3.3, Cl(R) = 
Cl(Z) = 0 and G(R) = G(Z) = 0. 
Next, we give some positive results about im /3. 
Proposition 3.5. Let T= K + M and R = D + M be integral domains with D a proper 
subring of K with quotient field K. Then 
(1) Pit(T) C im /3 C G, where G is the subgroup {[J] 1 J, is principal) of Cl(T). 
(2) im/3= Pit(T) ifand onlyifeach Jin T(R) has theform J=L(f+M) forsome 
L in Inv(R) and I in T(D). 
Proof. (1) Pit(T) C im J3 since p’ is surjective. Let J= Zs for I in T(R). If JM is not 
principal, then JJ - ’ c M. Hence II - ’ c M, and thus (II ~ ‘)r c M, = M by Propo- 
sition 2.1(3), a contradiction. 
(2) This follows easily from Theorem 3.3. Cl 
We first concentrate on the case in which im /I = Picf T). Our next theorem is an 
immediate corollary of Theorem 3.3. 
Theorem 3.6. Let T= K + M and R = D + M be integral domains with D a proper 
subring of K with the quotient field K. If im /I = Pit(T), we then have the split exact 
sequence 0 + Cl(D) ---% Cl(R) A Pit(T) + 0. In addition, G(R) = G(D). Cl 
Next we determine several large (but not necessarily distinct) classes of integral 
domains T for which im p = Pic( 7”). Several of these cases will be needed in the next 
section. 
Theorem 3.7. Let T= K +h4 and R = D+M be integral domains with D a proper 
subring of K with quotient field K. Then im 8 = Pie(T) in each of the fo~iowing 
cases: 
(1) T is quasilocal. 
(2) T is a Prtifer domain. 
(3) Cl(T) = Pic( 7”). 
(4) Cl( TN) = 0 for each maximal ideal N + M of T. 
(5) The homomorphism y”: G(T) + G(T~~ given by y”([I]) = [Im] is injective. 
(6) The homomorphism y : Cl(T)--+Cl(T,) given by v([I]) = [I,,,,] is injective. 
Proof. (1) has already been observed in Example 3.4. (3) follows directly from Pro- 
position 3.5(l), while (2) is a special case of (3) since Cl(A) = Pie(A) for any Prufer 
domain A. If (4) holds, then by Proposition 3.5(l), any J with [J] in im fi is locally 
principal and hence invertible (cf. 19, Proposition I]). If (5) holds, then G= Pit(T) 
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by Proposition 3.5(l), so imp= Pit(T). Finally, note that ?I” is injective whenever 
y is inject&e. Thus if (6) holds, then also im~=Pi~(~), q 
Our next example includes some more specific examples of the classes of integral 
domains in the above theorem. 
Examples and Remarks 3.8. (1) If either T is quasilocal, y : Cl( jr)-* C&T,) is in- 
jective, or Cl(T) = 0, then also Pit(T) = 0. So in any of these cases Pit(R) = Pit(D), 
Cl(R)= C](D), and G(R) = G(D). In particular, this is the case in the ‘classical’ 
D+ A4 constructions when T is a valuation domain or T=K[X]. 
(2) It is interesting to note that in Theorem 3.3, Cl(R)= Pit(R) if and only if 
Cl(D) = Pie(D) and im p = Pic( 7). 
(3) Let K be a field and G an abelian group. Then there is a Krull domain T of 
the form T=k’+h4 with CI(T)=CI(7’,I)=G and Pic(T)=O [13, Corollary 21 
and [4, Corollary 6.21. Thus by (6) above, Pit(R) = Pit(D), Cl(R) = Cl(D), and 
G(R)=G(D). Moreover, T,=R+M,, so such a Krull domain T may be chosen 
to be quasilocal. 
What can we say about the other extreme for imp; that is, when does 
im fi = Cl(T)? This happens trivially, of course, when Cl{ T) = Pic( T). For example, 
this would be the case if either T is a Priifer domain or T is a Krull domain such 
that TN is factorial for each maximal ideal N of T [4, Proposition 5.21. Another 
important instance when /3 is surjective is when R (and hence T) is a PVMD. (In 
Theorem 4.1, we determine explicitly when R is a PVMD.) In this case we have 
Proposition 3.9. Let T= K + M and R = D + M be integral domains with D a subring 
of K with quotient field K. If R is a PVMD, then we have the two short exact se- 
quences 0 -+ Cl(D) A Cl(R) A Cl(T)--+0 and O-G(D) --J% G(R) p” 
G(T)-+O. n 
We know of no example for which imp #Pit(T). So we ask 
Question 3.10. Let T= K+M and R = D+ M be integral domains with D a proper 
subring of K with quotient field K. Does imp= Pit(T)? In particular, if R is a 
PVMD, does Cl(T)=Pic(T)? Equivalently, is T a G-GCD domain? 
We close this section with a discussion of when the restriction that D has quotient 
fiefd K may be relaxed. (Note that in Proposition 3.1, D may be any subring of K.) 
So we suppose that D has quotient field k which is a proper subfield of K. If any 
of the conditions (l)-(6) on Tin Theorem 3.7 aIso carry over to A = k +M, then we 
would again have the split short exact sequence 0--t Cl(D) + Cl(R) -+ Pic( 7”) -+ 0 since 
Pit(T) = Pit(A) by Proposition 3.1. We next determine some cases when 
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Cl(A) = Pit(A) (= Pit(T)). We do not know of any example for which 
Cl(A) f Pit(A). 
Proposition 3.11. Let T= K + M and A = k + M be integral domains with k a proper 
subfield of K. Then Cl(A) = Pit(A) in each of the following cases: 
(1) T (and hence A) is quasilocal. (Thus Cl(A) = 0.) 
(2) T is a Prtifer domain. 
(3) Cl( T,) = 0 for each maximal ideal N # M of T. 
Proof. (1) and (2) are special cases of (3). To prove (3) it is sufficient to show that 
also CI(A,) =O. By Proposition 2.1(2), Cl(A NCIA)=Cl(TN)=O for each N#M. 
Hence Cl(A) = Pit(A) by [l 1, Proposition 2.61. Since A4,,,_, , the maximal ideal of 
A,= k+ MM, is a t-ideal by Proposition 2.1(3), Cl(A,) = Pic(A,) = 0 by an argu- 
ment similar to that in the proof of Proposition 2.3. 0 
Combining Proposition 3.11 with Theorems 3.6 and 3.7 and the remarks 
preceding Proposition 3.11, we obtain 
Theorem 3.12. Let T= K + M and R = D + M be integral domains with D a proper 
subring of K. 
(1) Zf T is quasilocal, then Pit(R) = Pit(D), Cl(R) = Cl(D), and G(R) = G(D). 
(2) Zf T is a Prtifer domain, then Pit(R) = Pit(D) @ Pic( T), Cl(R) = 
Cl(D) @ Pic( T), and G(R) = G(D). 
4. Applications and examples 
In this final section we give several applications of the class group calculations 
of a D+M construction. Examples are given to illustrate both the good and bad 
behavior of the class group. We first determine when the D + M construction yields 
a PVMD; its class group may then be calculated by Proposition 3.9. 
Theorem 4.1. Let T= K + M and R = D + M be integral domains with D a proper 
subring of K. Then R is a PVMD if and only if T is a PVMD, TM is a valuation 
domain, and D is a PVMD with quotient field K. 
Proof. First suppose that R is a PVMD. If K is not the quotient field of D, then 
there is a nonzero x in K with XD n D = (0) , and hence XR n R = M. Since R is a 
PVMD, M is v-finite and hence v-invertible. Hence M:M= R. But clearly also 
TC M:M, a contradiction. Thus K is the quotient field of D. By Proposition 2.4, 
D is a PVMD. Since D has quotient field K, T= R,, where S = D - (0) , is a 
PVMD. Finally, R,= TrM by Proposition 2.1(2), and RM is a valuation domain 
since M is a prime t-ideal of R [18, Theorem 51. 
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Conversely, assume that T is a PVMD, TM is a valuation domain, and D is a 
PVMD with quotient field K. For Z in D,(R), we show that Z is v-invertible and Z - ’ 
is v-finite. Let n : T+ K be the natural surjection. Since R,= TM is a valuation do- 
main, ZZ -’ c M. We may thus assume that Z c A4 and hence n(Z) is nonzero. Then 
n(Z), is v-finite. (For if J c Z is finitely generated with Z -’ = .Z _ ‘, then x(J) is 
finitely generated and n(Z) -’ = n(J) - ‘.) Since D is a PVMD, rc(Z), is v-invertible 
and n(Z)-’ is v-finite. Also, (IT), is v-finite in the PVMD T; so (IT), and 
(IT)-’ = Z _ ‘T are both v-invertible. If qZ C Z, then q(ZT), C (IT), and thus q is in 
T since (IT), is v-invertible. Also n(q)rc(Z) C n(Z), and hence rc(q) ED. Thus q is 
in R, hence I: Z= R and Z is v-invertible. Finally we show that Z ~’ has finite type. 
Let H be a finitely generated ideal of R such that H C Z - ’ and (HT)-’ = (IT),. 
Let L be a finitely generated ideal of D with L C n(Z)- ’ and L - ’ = n(Z),. Thus 
also LcZ-’ since LZcL(n(Z)+M)cD+M=R. We show that (H+LR)-‘=I; 
thus Z ~’ has finite type. If q(H+ LR) C R, then qHC R, and hence qZ -’ C T. 
Also, qL c R yields n(q)L c D. Thus 7c(q)x(Z)-’ CD, and hence n(qZ -l)n(Z) c 
n(q)7c(ZZ ‘) C x(q)D. So x(qZ -‘) C n(q)n(Z)-’ CD. Thus qZ -I C R; so q is in 
(I -1))‘=z,=z. 0 
Corollary 4.2. Let T= Kt- A4 and R = D + A4 be integral domains with D a proper 
subring of K. Then 
(1) R is a Priifer (resp., BPzout) domain if and only if T is a Priifer (resp., Bkzout) 
domain and D is a Priifer (resp., BPzout) domain with quotient field K. 
(2) R is a GCD (resp., G-GCD) domain if and only if T is a GCD (resp., G-GCD) 
domain, TM is a valuation domain, and D is a GCD (resp., G-GCD) domain with 
quotient field K. 
Proof. (1) First suppose that R is a Prtifer domain. Then R is a PVMD, so by the 
above theorem D is a PVMD with quotient field K. Hence T=Rs is a PVMD. 
Each nonzero finitely generated ideal of D is invertible by Proposition 2.4. Con- 
versely, if T is a Prtifer domain and D is a Priifer domain with quotient field K, 
then by an argument similar to that in Proposition 3.2(2), each nonzero finitely 
generated ideal of R is invertible. Hence R is a Prtifer domain. The Bezout domain 
case then follows from Proposition 3.9 since a Prtifer domain is a Bezout domain 
precisely when it has trivial class group. 
(2) This follows from Theorem 4.1 and Proposition 3.9 because GCD (resp., 
G-GCD) domains are precisely the PVMD’s with trivial class group (resp., local 
class group). 0 
Remarks 4.3. (1) Two special cases of Theorem 4.1 are when either T is a valuation 
domain [19, Theorem 4.2.161 or T=K[X] [14, Theorem 4.431. 
(2) The Prtifer, Bezout, and GCD domain cases in Corollary 4.2 are proved by 
somewhat different techniques in [ 12, Theorems 5, 7, and 111. The special case when 
R is a G-GCD domain and T is a valuation domain is proved in [l, Theorem 41. 
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(3) Note that in Theorem 4.1, if T is a PVMD, then TM is a valuation domain 
if and only if M is a t-ideal of T. 
For our next result, we will use the notation K[X]] to denote either the polynomial 
ring K[X] or the power series ring K[[X]]. 
Proposition 4.4. Let D be a Krull domain with proper quotient field K. Then 
(1) R = D +XK[X]] is a PVMD which is neither noetherian nor a Krull domain. 
(2) If Pit(D) 5 Cl(D), then R is not a G-GCD domain. 
Proof. With T= K[X]], R is a PVMD by Theorem 5.1. R is not noetherian by Pro- 
position 2.1(7) and is not a Krull domain by Proposition 2.1(8). By Theorem 3.9., 
Pit(R) = Pit(D) 5 Cl(D) = Cl(R). Hence R is not a G-GCD domain. 0 
Corollary 4.5. Let G be an abelian group. Then 
(1) There is a two-dimensional PI/MD R with Cl(R) = G which is neither a 
noetherian domain nor a KruN domain. 
(2) There is a quasilocal PVMD R with Cl(R) = G(R)= G which is neither a 
noetherian domain, a Prtifer domain, nor a KruN domain. 
Proof. (1) Let D be a Dedekind domain with Cl(D) = G. Let R = D + XK[[X]], 
where K is the quotient field of D. Then R is a PVMD of dim R = 2 [12, Corollary 
91 with the desired properties. 
(2) As in Example 3.8(3), there is a quasilocal Krull domain D which is not a DVR 
with Cl(D) = G(D) = G. Let K be the quotient field of D. Then R = D +XK[[X]] is 
a quasilocal PVMD with Cl(R) = G(R) = G. By Corollary 4.2, R is not a Prufer do- 
main. 0 
We next give an example of an integral domain R with Prin(R) 5 Inv(R) 5 
T(R) ‘$ Dr(R). 
Proposition 4.6. Let D be a Krull domain with quotient field K and R = D+ 
(X, Y)K[X, Y]. If 0 # Pit(D) 5 Cl(D), then R is an integrally closed domain with 
Prin(R) 5 Inv(R) 5 T(R) 5 Df(R). 
Proof. Let T= K[X, Y] = K+ M with M= (X, Y). Since T is factorial, Cl(R) = Cl(D) 
and Pit(R) = Pit(D) by Theorems 3.6 and 3.7. Thus Prin(R) 5 Inv(R) 5 T(R). R is 
not a PVMD since TM is not a valuation domain. Thus T(R) 5 Df(R). R is in- 
tegrally closed by Proposition 2.1(5). 0 
Example 4.7. (1) Let A be a Krull domain with quotient field L and D =A[S] be 
a Krull semigroup domain (see [ 131). Then Cl(D) = Cl(A) 0 Cl(L [S]) [4, Proposition 
7.31 and Pit(D) = Pit(A). Let A be a Dedekind domain with Cl(A) = Gi and L[S] 
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a Krull semigroup domain with Cl(L[S]) = G2. Then Cl(D) = G, @ G2 and 
Pit(D) = G, ; so G(D) = G2. For R =D + (X, Y)K[X, Y], we then have Cl(R) = 
Cl(D) and Pit(R) = Pit(D). For example, let D = Z[1/--5][ U2, UV, V2]. Then 
Pit(D) = Z/2Z 5 Cl(D) = Z/22 @ Z/2Z. By the above theorem, Prin(R) 5 Inv(R) 
T(R) 5 D,(R). 
(2) Let D= Z[l/ - 5][U, V, W, T]/(UV- WT). Then D is a Krull domain with 
Cl(D) =2/22 @ Z and Pit(D) = Z/2Z. Let K be the quotient field of D and 
T=K[X2,X3] = K+M with M= (X2,X3). Then T is not seminormal and 
Pic( T) = K. Let R = D + h4. Then Cl(R) = Z/22 @ Z OK, Pit(R) = Z/22 OK, and 
G(R) = Z by Theorems 3.6 and 3.7(3) since Cl(T) = Pit(T) because dim R = 1. Thus 
Prin(R) 5 Inv(R) 5 T(R) 5 Df(R). 
If A is a PVMD, then the natural homomorphism y : Cl(A)+Cl(A.) is sur- 
jective. However, Example 3.4 shows that y is in general not surjective. Our final 
theorem illustrates the possible pathological behavior of the class group under 
localization when we stray from the class of PVMD’s. 
Theorem 4.8. Let G and H be abelian groups. 
(1) There is a quasilocal integrally closed domain R with a divisorial prime ideal 
P such that Cl(R) = G and Cl(R,) = H. 
(2) There is an integrally closed domain R with maximal ideal N such that 
Cl(R) = G and Cl(R,,,) = H. 
Proof. (1) Let D be a quasilocal Krull domain with Cl(D) = G and quotient field K 
as in Example 3.8(3). Next, let T be a quasilocal Krull domain of the form K +A4 
with Cl(T) = H. Let R = D + M and P = M. Then Cl(R) = Cl(D) = G by Theorem 
3.12. By Proposition 2.1(2), R,= TM= T; so Cl(R,)=Cl(T) =H. Note that R is 
quasilocal because D and T are each quasilocal. Finally, R is integrally closed 
because T is integrally closed and D is integrally closed with quotient field K. 
(2) Let D be a Krull domain with Cl(D) = G and quotient field K. Let S = K + P 
be a quasilocal Krull domain with Cl(S) = H. Let T= S[X] = K + A4 with M= (P, X) 
and Q=(P,X-1). Then Cl(T)=H [15, Theorem 8.11. Let R=D+M and 
N= Qn R. Since the Nagata ring S(X) = S[X] w, where W= {f E S[X] 1 c(f) = S} , 
is a localization of TM and Pit(S) =O, Cl(T) = Cl(T,) by [3, Theorem 5.21. 
Similarly, Cl(TQ)=C1(T) since T=S[X- 11. By Theorems 3.6 and 3.7(6), 
Cl(R) = Cl(D) @ Pic( T) = Cl(D) = A since Pic( T) = Pit(S) = 0. Finally, R, = TQ by 
Proposition 2.1(2), so Cl(R,) = C1(TQ) = Cl(T) = H. 0 
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